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Abstract 

In a landmark paper [29], D.Y. Kleinbock and G.A. Margulis established the fun- 
damental Baker-Sprindzuk conjecture on homogeneous Diophantine approximation 
on manifolds. Subsequently, there has been dramatic progress in this area of research. 
However, the techniques developed to date do not seem to be applicable to inhomo- 
geneous approximation. Consequently, the theory of inhomogeneous Diophantine 
approximation on manifolds remains essentially non-existent. 

In this paper we develop an approach that enables us to transfer homogeneous 
statements to inhomogeneous ones. This is rather surprising as the inhomogeneous 
theory contains the homogeneous theory and so is more general. As a consequence, 
we establish the inhomogeneous analogue of the Baker-Sprindzuk conjecture. Fur- 
thermore, we prove a complete inhomogeneous version of the profound theorem of 
Kleinbock, Lindenstrauss &: Weiss [27] on the extremality of friendly measures. The 
results obtained in this paper constitute the first step towards developing a coherent 
inhomogeneous theory for manifolds in line with the homogeneous theory. 
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1 Introduction 



The metrical theory of Diophantine approximation on manifolds dates back to the nineteen 
thirties with a conjecture of K. Mahler |3T] in transcendence theory. The conjecture was 
easily seen to be equivalent to a metrical Diophantine approximation problem restricted 
to the Veronese curves V„ := {{x, . . . ,x"'), x G M}. Mahler's conjecture remained a key 
open problem in metric number theory for over 30 years and was eventually solved by 
Sprindzuk [37]. Moreover, its solution led Sprindzuk [39] to make an important general 
conjecture which we shall shortly describe. The conjecture has been established by Klein- 
bock & Margulis in their landmark paper [29]. The main result of this paper establishes 
a complete inhomogeneous version of the theorem of Kleinbock & Margulis and indeed its 
generalisation to friendly measures [21] • In order to describe these fundamental conjectures 
and results it is convenient to introduce the notion of Diophantine exponents. 

1.1 Exponents of Diophantine approximation 

Let m,n G N and M*"^" be the set of all m x n real matrices. Given X G M™^" and 
6 G M'", let w{X, 6) be the supremum of w ^ such that for arbitrarily large Q > 1 there 
is a q = (gi, . . . , g„) G \ {0} satisfying 

\\Xq + e\r kQ-"" and IqP^Q, (1) 

where |q| := max{|gi|, . . . , is the supremum norm and || ■ || is the distance to the 
nearest integer point. Here and elsewhere q G Z*^ and G are treated as columns. It 
follows that whenever w{X, 6) is finite, the inequality 

\\Xq + e\r < Iql"'"" 

has infinitely many solutions q G Z" if w < w{X, 0) and has at most finitely many solutions 
q G if w > 6). Further, let w^{X^ 6) be the supremum of w ^ such that for 

arbitrarily large Q > 1 there is a q = (gi, . . . , g„) G Z" \ {0} satisfying 

U{Xci+e) <Q-^ and n+(q)^Q, (2) 

where 

m n 

riy := n(y) = n \y^\ n+(q) := n^^^^^i' i^^i) 
j=i i=i 

for y = {yi, . . . ,ym)- Also (y) denotes the unique point in [—1/2,1/2)™ congruent to 
y G M™" modulo Z™. Thus, || ■ || = |( ■ )|- It follows that whenever w^{X, 6) is finite, the 
inequality 

n(xq+0)<n+(q)-"' 

has infinitely many solutions q G Z" if w < w^{X,0) and has at most finitely many 
solutions q G Z" if w > w^{X, 0). 
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The homogeneous theory of Diophantine approximation corresponds to the special case 
of = in the above inequahties. In this case the associated homogeneous exponents 
will be denoted by w{X) := w{X,0) and w^{X) := w*{X,0). A trivial consequence of 
Dirichlet's theorem [36], or simply the 'pigeon-hole principle', is that 

w{X) ^ 1 for all X e M™^" . (3) 

Also it is readily seen that ([1]) implies ([2]) and therefore 

w'^iX, 6) ^ w{X, 6) for all X e M™^" and all 6> G . (4) 

The Diophantine exponents can in principle be infinite. Nevertheless, a relatively 
straightforward consequence of the Borel-Cantelli lemma from probability theory is that 
([3]) is reversed for almost all X G M™^" with respect to Lebesgue measure on M™^" and 
moreover that 

w^(X) = 1 for almost all X G M'"^" . (5) 

For completeness, we mention that X G M'"^" is said to be very well approximable (see 
[291 [36]) if w{X) > 1 and multiplicatively very well approximable (see [29]) if w^{X) > 1. 
Note that in view of the discussion above, the corresponding sets of very well approximable 
and multiplicatively very well approximable points are of zero Lebesgue measure on M"*^"^. 



1.2 Homogeneous theory 

Sprindzuk [39] conjectured that ([5]) remains true when X is restricted to any analytic 
non-degenerate submanifold A4 of M" identified with either columns W^^^ [simultaneous 
Diophantine approximation) or rows M}^"^ [dual Diophantine approximation) with respect 
to the Riemannian measure on Ai. This conjecture had been previously stated by A. Baker 
[3] for Veronese curves Vn '■= {{x, . . . ,x^), x G M}. Essentially, non-degenerate manifolds 
are smooth submanifolds of M" which are sufficiently curved so that they deviate from 
any hyperplane with a 'power law' [1]. For the formal definition see [29]. Any real, 
connected analytic manifold not contained in a hyperplane of M" is non-degenerate. For a 
planar curve, the non- degeneracy condition is simply equivalent to the condition that the 
curvature is non-vanishing almost everywhere. 

Baker-Sprindzuk conjecture. For any analytic non- degenerate submanifold Ai of M" 

w'^iX) = 1 for almost all X e M . (6) 



Note that in view of ([3]) and (jlj), the Baker-Sprindzuk conjecture implies that 

w{X) = 1 for almost all X G . (7) 
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In fact, this weaker statement also appears as a formal conjecture in [39]. In the case of the 
Veronese curves V„, ([7]) reduces to Mahler's problem [31] and statement (Q reduces to the 
specific conjecture of A. Baker mentioned above. Manifolds that satisfy (I7j) are referred 
to as extremal and manifolds that satisfy (EI) are referred to as strongly extremal. To be 
precise, either notion of extremality actually takes on two forms depending on whether 
is identified with M"^^ or M^^". However, by Khintchine's transference principle both 
forms are equivalent and it is pointless to distinguish between them. A priori, this is not 
the case when considering 'extremality' within the inhomogeneous setting - see §1.31 

Until 1998, progress on the Baker-Sprindzuk conjecture was limited to special classes 
of manifolds - see [T5l [38] . Restricting our attention to non-degenerate curves, the weaker 
form of the conjecture corresponding to ([7]) had been established for planar curves by 
W.M. Schmidt [3l] and by Beresnevich & Bernik [5] for curves in M.^. The actual conjecture 
had only been established for the Veronese curves Vn with n ^ 3 by Yu [12] and with 
n = 4 by Bernik & Borbat [12]. In their ground breaking work, Kleinbock & Margulis [29] 
established the Baker-Sprindzuk conjecture in full generality and moreover removed the 
'analytic' assumption. 

Theorem KM Any non-degenerate submanifold o/M" is strongly extremal. 

The work of Kleinbock & Margulis has led to various generalisations of the Baker- 
Sprindzuk conjecture. Kleinbock [25] has established that non-degenerate submanifolds of 
strongly extremal affine subspaces of M"" are strongly extremal. He has also shown that non- 
degenerate complex analytic manifolds are strongly extremal [26]. Kleinbock & Tomanov 
[28] have generalised Theorem KM to the S'-arithmetic setting. Kleinbock, Lindenstrauss 
& Weiss [27] have revolutionised the notion of extremality by introducing the concept of 
measures being extremal rather than sets. Let /i be a measure supported on a subset of 
M™^". We say that fi is extremal if wlX) = 1 for /i-almost every point X G M™^". In 
other words, the set of G M™^" for which wlX) > 1 is of /i-measure zero. We say that 
/X is strongly extremal if w^{X) = 1 for /i-almost every point X G M"^^". Furthermore, 
if yU is a measure on M" then /i is (strongly) extremal if it is (strongly) extremal through 
the identification of M" with either M"^^ or R^^". In view of Khintchine's transference 
principle, there is no difference which representation of M" is taken. 

The following constitutes the main result of Kleinbock, Lindenstrauss & Weiss [27] . 

Theorem KLW Any friendly measure on M" is strongly extremal. 

The definition of friendly measures is given in ^ At this point it suffices to say that 
friendly measures form a large and natural class of measures on M" including Rieman- 
nian measures supported on non-degenerate manifolds, fractal measures supported on self- 
similar sets satisfying the open set condition (e.g. regular Cantor sets, Koch snowflake, 
Sierpinski gasket) and conformal measures supported on limit sets of Kleinian groups. In 
view of the former we have that 

Theorem KLW Theorem KM. 
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1.3 Inhomogeneous theory 



The central goal of this paper is to establish the inhomogeneous analogue of the Baker- 
Sprindzuk conjecture. Naturally, we begin by introducing the notion of extremality in the 
inhomogeneous theory of Diophantine approximation. 

Definition 1 (Measures on R'"^") Let /i be a measure supported on a subset of M™"^". 
We say that fi is inhomogeneously extremal if for all 6 G M™ 

w{X, 6) = 1 for /i-almost all X G M™^". (8) 

We say that fi is inhomogeneously strongly extremal if for all 6 G M*" 

6) = 1 for //-almost all X G M™^". (9) 

These notions of extremality naturally generalise the homogenous ones which only require 
(IE]) and ([9]) to hold for = 0. A remark regarding the use of the word strongly in the 
definition of 'inhomogeneously strongly extremal' is in order. In the homogeneous case, ([3]) 
and (jl]) with 6 = show that strong extremality implies extremality - exactly as one would 
expect. In the inhomogeneous case there is no analogue of ([3]) and it is not at all obvious 
that strong extremality implies extremality. However, the following result established in 
§3. II justifies the use of the word 'strongly' even in the inhomogeneous case. 

Proposition 1 Let ^ he a measure on M'"^". Then 

H is inhomogeneously strongly extremal => /i is inhomogeneously extremal . 

As already mentioned, there are two different forms of Diophantine approximation when 
approximating points in R" depending on whether M" is identified with M"^^ or R^^"-. 
The identification with the former corresponds to the simultaneous form and the latter 
corresponds to the dual form. As a consequence of Khintchine's transference principle, the 
two forms of approximation lead to equivalent notions of extremality in the homogeneous 
case. However, Khintchine's transference principle is not applicable in the inhomogeneous 
case and the simultaneous and dual forms of extremality are not necessarily equivalent. 
Consequently, the two forms of extremality need to be considered separately. 

Definition 2 (Measures on R") Let yU be a measure supported on a subset of R*^. If yU 
is inhomogeneously (strongly) extremal on M}^^ we say that is dually inhomogeneously 
(strongly) extremal. If is inhomogeneously (strongly) extremal on W^^^ we say that /i 
is simultaneously inhomogeneously (strongly) extremal. If is both dually and simultane- 
ously inhomogeneously (strongly) extremal then we simply say that /i is inhomogeneously 
(strongly) extremal. 
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Naturally, a manifold A4 C M" is called inhomogeneously (strongly) extremal if the 
Riemannian measure on Ai is inhomogeneously (strongly) extremal. The Veronese curves 
Vn have been shown to be dually inhomogeneously extremal in the real [13], complex 
[H], p-adic p3l HO] and 'mixed' [17] cases. These results are natural generalisations of 
Mahler's conjecture to the inhomogeneous setting. Most recently, Badziahin [1] has ex- 
tended Schmidt's homogeneous result |M| by showing that non-degenerate planar curves 
are dually inhomogeneously extremal. Strikingly this constitutes the only known result 
beyond the Veronese curves. However, one would expect that an inhomogeneous analogue 
of Theorem KM holds in full generality. 

Inhomogeneous Baker-Sprindzuk conjecture. Any non-degenerate submanifold of 
is inhomogeneously strongly extremal. 

In view of Proposition [H this implies the weaker conjecture that any non- degenerate sub- 
manifold Ai o/M" is inhomogeneously extremal. As discussed above the weaker conjecture 
is known to be true for Veronese curves. Regarding the stronger conjecture nothing is 
known. Nevertheless, given Theorem KLW, it is natural to broaden the conjecture to 
friendly measures. 

Conjecture. Any friendly measure on M" is inhomogeneously strongly extremal. 
1.4 Statement of results 

Let be a non-atomic, locally finite, Borel measure on M™^". Obviously, we have that 

/i is inhomogeneously (strongly) extremal =^ fi is (strongly) extremal. 

The right hand side corresponds to the special choice of = in the definition of in- 
homogeneously (strongly) extremal. In this paper we show that the above implication is 
reversed for a large class of measures. 

Theorem 1 Let fi be a measure on M"^^". 
(A) // /i is contracting almost everywhere then 



So as to avoid introducing various technical notions at this point, the definition of 
contracting measures is postponed to the next section. It suffices to say that friendly 
measures on M" fall within the class of strongly contracting measures. Thus, Theorem [T]B 
(part (B) of Theorem [T]) together with Theorem KLW establishes the conjecture stated 
above for friendly measures. 



/i is extremal 




(B) // /i is strongly contracting almost everywhere then 
fi is strongly extremal <^=^ fi is inhomogeneo 
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Theorem 2 Any friendly measure on is inhomogeneously strongly extremal. 

Riemannian measures supported on non-degenerate manifolds are know to be friendly 
[27] . Thus, Theorem [2] gives a complete inhomogeneous analogue of Theorem KM and 
thereby settles the inhomogeneous Baker-Sprindzuk conjecture. 

Theorem 3 Any non- degenerate submanifold of M" is inhomogeneously strongly extremal. 



It is worth mentioning that the class of contracting measures is not limited to friendly 
measures. To illustrate this we restrict our attention to simultaneous Diophantine approx- 
imation. Thus, M" is identified with M"^^. In §2.31 we show that the Riemannian measure 
on an arbitrary different iable submanifold Ai of M" falls within the class of contracting 
measures and indeed within the class of strongly contracting measure if a mild condition is 
imposed on Ai. However, affine subspaces of R"' are different iable manifolds and for obvi- 
ous reasons they do not support friendly measures. Specializing Theorem[T]to differentiable 
manifolds gives the following statement. 



Theorem 4 Let Ai be a differentiable submanifold o/M". Then 

(A) Ai is extremal <^==^ Ai is simultaneously inhomogeneously extremal. 

Furthermore, suppose that at almost every point on Ai the tangent plane is not orthogonal 
to any of the coordinate axes. Then 

(B) Ai is strongly extremal <^=^ Ai is simultaneously inhomogeneously strongly extremal. 

Recall, that the left hand side of the above implications are homogeneous statements 
and the notions of simultaneously and dually (strongly) extremal coincide. Examples of 
(strongly) extremal differentiable submanifolds that do not fall within the remit of Theorem 
[2] are given in [6], [25l [34] . Thus, Theorem [4] is not vacuous. 

The following diagram summarizes the connections between the various notions of ex- 
tremality for strongly contracting measures on M™^". 



/i is extremal 



(L)fr 



IX is strongly extremal 



Theorem [T]\ 



Theorem [Tj3 



H is inhomogeneously extremal 

fr (R) 

fi is inhomogeneously strongly extremal 



As mentioned in §1.31 the implication (L) is well known. Thus, for contracting measures 
the implication (R) follows via Theorem [1] and is independent of Proposition [H 
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The upshot of Theorem [T] is that it enables us to transfer homogeneous extremahty 
statements to inhomogeneous ones. This 'inhomogeneous transference' is rather surprising 
as the inhomogeneous theory contains the homogeneous theory and so is more general. In 
^ we develop an abstract framework within which we establish a general inhomogeneous 
transference principle - namely Theorem [5l The key step in establishing Theorem [1] follows 
as an application of this inhomogeneous transference principle. 

Remark. A direct and self-contained proof of Theorem HJA. can be found in our recent 
article ^U\. The main motivation behind [lO] is to foreground and significantly simplify the 
key ideas involved in establishing the inhomogeneous transference principle of ^ Indeed, 
anyone interested in the proof of Theorem [5] and thus Theorem [1] may find it useful first 
to look at [lO]. 

2 Contracting and friendly measures 

In this section we start by formally introducing the class of 'contracting' measures alluded 
to in Theorem [1] above. We then show that friendly measures are contracting and that 
the Riemannian measure on a differentiable submanifold of M"^^ is contracting. This 
establishes Theorems |2] and H] from Theorem [H 

2.1 Contracting measures 

We begin by recalling some standard notions. If 5 is a ball in a metric space Q then cB 
denotes the ball with the same centre as B and radius c times the radius of i?. A measure 
/i on is non-atomic if the measure of any point in Q is zero. The support of fi is the 
smallest closed set S such fi{Q\S) = 0. Also, recall that fi is doubling if there is a constant 
A > 1 such that for any ball B with centre in S 

fx{2B) ^ A fi{B) . (10) 

The class of contracting measures fi is defined via the behavior of fi near planes in M"*^" . 
More precisely, the planes are given by 

/:a,b := {X e M'"^" : Xa + b = 0} with a G M", |a|2 = 1 and b G M"* , (11) 

where | ■ I2 is the Euclidean norm. Given s = (ei, . . . , Em) G (0, +00)™, the e-neighborhood 
of the plane £a,b is given by 

4^^={XGM™^": |X,a + 6,| <£, Vj = l,...,m}, (12) 

where Xj is the j-th row of X. In the case that ei = ■ ■ ■ = = e, we simply write C^^]^ 
for the symmetric e-neighborhood of £a,b- 
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Definition 3 A non-atomic, finite, doubling Borel measure fi on M™^" is strongly con- 
tracting if there exist positive constants C, a and Tq such that for any plane £a,b; any 
e = {ei,...,em) e {0,+oo)'^ with min{ej : 1 ^ j ^ m} < ro and any 5 G (0,1) the 
following property is satisfied: for all X G C^^^ fl S there is an open ball B centred at X 
such that 

Bnscci% (13) 

and 

fi{5B n 4'f) ^ C5>(5i?) . (14) 

The measure /i is said to be contracting if the property holds with ei = ■ ■ ■ = Em = £■ 

Remark. The property given by ( fT3i) and ( fT4|) indicates the rate at which the /x-measure 
of the £-neighborhood of £a,b decreases when contracted by the multiphcative factor 6. 
Also, note that 

/i is strongly contracting =^ fi is contracting. 

The definition of (strongly) contracting is in essence a global statement - the 'property' 
is required to hold for all X in the support S. However, with the view of establishing 
'extremality' results such as Theorem [H sets of //-measure zero are irrelevant and the 
notion of (strongly) contracting almost everywhere suffices. Formally, we say that fi is 
(strongly) contracting almost everywhere if for //-almost every point Xq e ]R™x"- there is a 
neighborhood U of Xq such that the restriction /i|[, of /t to f/ is (strongly) contracting. 

2.2 Friendly measures 

The notion of friendly measures introduced in [27] identifies purely geometric conditions 
on measures on that are sufficient to guarantee strong extremality. The class of friendly 
measures is defined via the behavior of fi near hyperplanes £ in M". 

Let /i be a Borel measure on and as usual let S denote the support of /i. We say 
that /i is non-planar if niC) = for any hyperplane C. Furthermore, given C and a ball B 
with fi{B) > 0, let ||(i£||^,_B be the supremum of dist(x, C) over x G 5 fl i?. Here dist(x, C) 
is the Euclidean distance of x from C Next, let U be an open subset of M". Given positive 
numbers C and a, the measure fi is called (C, a)-decaying on U if for any non-empty open 
ball B (Z U centred in S, any affine hyperplane C of M" and any e > one has that 

fiiBnC^^^)^c(—^y fi{B). (15) 

Definition 4 A non-atomic, Borel measure fi on M" is called friendly if for /i-almost every 
point xq G M" there is a neighborhood U of xq such that the restriction fi\^ of /t to f/ is 
finite, doubling, non-planar and (C, a)-decaying for some positive C and a. 



9 



In the next two sections we shall establish that friendly measures on M" identified either 
with M}^"- or M"^^ are strongly contracting. 

2.2.1 Friendly measures on R"*^^ 

Proposition 2 Any friendly measure fi on M."^^^ is strongly contracting almost everywhere. 

Proof. Let /i be a friendly measure on identified with M™^^. Then for /i-almost every 
point Xq G W"^^^ there is a neighborhood U of Xq such that fi\u is (C, a)-decaying on U 
for some fixed C, a > 0. Without loss of generality we can assume that /i = fi\u. The fact 
that /i is non-planar, implies that there are n + 1 linearly independent points Xq, . . . , Xn 
in the support S of /i. This ensures that there exists a real number ro > such that no 
single rectangle with shortest side of length ^ 2ro contains S. Also, note that since 
is identified with M"^^^, the set £a^b appearing in the definition of strongly contracting is 
simply a point. Thus, for any point Ca,h the ^-neighborhood given by (fT2|) ^-i is a rectangle 
with sides of length 2ei (z = 1, . . . , m). In particular, if mini<jj<jm£^j < '"o then 

S'^Cii. (16) 

Fix 6 G (0, 1) and take any point X G SCiC^^^ . Without loss of generality, we assume that 
this intersection is non-empty. The goal is to construct a ball B centred at X satisfying 
f|T3|) and ffUl) in the definition of strongly contracting. To start with, let B' be an arbitrary 
ball centred at X such that 

B' c Ci% . (17) 

This is possible as X G definition is an open set. By ( fT6i) and (|T71) . there 

is a real number r ^ 1 such that 

5tB' nS (^C[% and tB' n S C C[% . (18) 

By (ITSl) . there exists a point X' G (^5tB' fl \ . By the choice of X', there exists a 
j G {1, . . . , m} such that 

+ (19) 

Recall that Xj and 6j are the j-th coordinates of X and b respectively. With reference to 
§ 12. 2[ let C be given by Xj + bj = and 5 = 5tB'. It follows from (fT9l) that ||c?£||^ ^ ^ . 
Since /i is (C, a)-decaying, (fTS!) with e := implies that 

/x(5r5'n4^^) ^ /i(5r5'n£(^^^)) < (^^^ /i(5r50 = C(5V(5rE'). 

The upshot of this is that the ball tB' satisfies conditions (fT3|) and (fT^ . The other 
conditions of strongly contracting are trivially met and the proof is complete. 
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2.2.2 Friendly measures on M^^"^ 

Proposition 3 Any friendly measure fi onM}^"^ is strongly contracting almost everywhere. 

Proof. Let /i be a friendly measure on MJ^ identified with M^^". Then for /i-almost every 
point Xq e M}^"- there is a neighborhood U of Xq such that fi\u is (C, a)-decaying on 
U for some fixed constants C,a > 0. Without loss of generality we can assume that 
fi = fi\u. The fact that fi is non-planar, implies that there are n + 1 linearly independent 
points Xq, . . . , Xn in the support S of fi. This ensures that there exists a real number 
tq > such that for any e G (0, ro) and any hyperplane Ca,b the e-neighborhood given by 
(fT2l) ^-i cannot contain all the points Xq, . . . , Xn- It follows that for any hyperplane and 
< £ < To, we have that 

S ^ £2 . (20) 

Fix 6 G (0, 1) and take any point X E S (1 C^^^ - we may as well assume that this 
intersection is non-empty. Now, let B' be an arbitrary ball centred at X such that 

B' C 41 • (21) 

This is possible as C^^l is open. By fl20|) and fl2Tl) . there is a real number r ^ 1 such that 

5tB' n 5 ^ /:g and tB' n S C C^^l . (22) 

By (1221) . there exists a point X' G 5ri?' fl S which is not contained in C^^\. With reference 
to § 12.21 let C = Ca,h and B = 5tBq. It follows that ||c?£||^,_b ^ s which together with (fT5|l 
implies that 

/i(5r5'n£g^) ^ C5"/i(5r5'). 

Thus, the ball ri?' satisfies conditions f|T3l) and f|T^ in the definition of strongly contracting. 
The other conditions of strongly contracting are trivially met and the proof is complete. 

2.3 DifFerentiable manifolds: Proof of Theorem [4] 

We begin by establishing Theorem |3]B - part (B) of Theorem |H Clearly, we only have to 
prove the necessity part as the right hand side of the statement contains the left hand side. 
Thus, we are given that the different iable submanifold Ai of M" is strongly extremal. Let 
m denote the Riemannian measure on Ai. The aim is to show that m is inhomogeneously 
strongly extremal on M"^^ - see Definition [2] in §1.31 This is a simple consequence of 
Theorem [T]B once we have established that m as a measure on M"^^ is strongly contracting 
almost everywhere. 

Take any point yo E Ai such that the tangent plane to Ai at yo is not orthogonal to 
any of the coordinate axes. Since the latter property holds almost everywhere on Ai, it 
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suffices to prove Theorem |4|3 for a neighborhood V of yo- Without loss of generahty, we 
can assume that there is a C^^-* local parameterisation of V given by f : f/ AA. Here U 
is a ball in centred at xq G f/ such that f(xo) = yo and d = dimA^. By the condition 
on yo imposed above, there is a direction v G such that the tangent direction 



af(xo) 



IS 



not orthogonal to any of the coordinate axes. This means that there exists some k > 0, 
such that 



2k 



< 



5/i(xo) 



< k/2 



for all 1 < i ^ n. 



Since f is C^^\ there exists a sufficiently small ball Bq C U centered at xq such that 



< 



dv 



< K, for all 1 < ?' ^ n and all x G i?o 



(23) 



Without loss of generality, take /(-Bo) to be the neighborhood P C of yo mentioned 
above. We now slice Bo with respect to the direction v so as to reduce the problem at 
hand to one concerning differentiable curves. Since Ai is strongly extremal and using the 
fact that sets of full measure are invariant under diffeomorphisms, the set 

£::={xGSo:w^'(f(x)) = l} 

has full Lebesgue measure in Bq. Now for any x' G M"^ orthogonal to v, consider the line 
Lx' in Mf^ given by 

L^, := {x = XV + x' G M'^ : X G M} . 



Also, let 



S-x' '■ — S f] L-x' 



and 



B^i := i?n n L^i 



Clearly, By^i is either an interval or is empty and £y^i C i?x'- For obvious reasons, we 
only consider the situation when By^i ^ 0. Since £ has full measure in Bo, it follows from 
Fubini's theorem that for almost every x' the slice £y^i has full measure in i?x'- Now let 
fx' denote the map f restricted to fix'- Clearly, fx' is a diffeomorphism from By^i onto the 
curve 

M^, := f (5x') . 

Since £x' has full measure in i?x' and fx' is a diffeomorphism, Alx' is strongly extremal for 
almost all x' orthogonal to the direction v. 

Now we fix any x' G Mf^ orthogonal to v such that the curve C := Ai^' is non-empty and 
strongly extremal. Define the map g = {gi, . . . , Qn) '■ I ffi"^ from the interval 

/ := {x G M : XV + x' G Bq} 

such that g(x) = f (xv + x'). By (1251) . we have that 

^ \g'i{x)\ ^ K for all 1 ^ i ^ n and all x G /. (24) 
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Let /i denote the induced Lebesgue measure on C and identify M" with M"^^. The key part 
of the proof is to that show that // as a measure on M"^^ is strongly contracting. This 
involves verifying ( fT3l) and ( fT4l) . Regarding (fT4l) we can assume that 5 < 1/2 as otherwise 
( HM is trivially satisfied with C > 2. Also, given that M"" is being identified with M"^-^, the 
set Ca,h appearing in the definition of strongly contracting is simply a point. Now choose 
a real number tq > so that for any point Ca,h and e = (ei, . . . G (0, +cxd)" with 
mini<gj<g„ej < To, we have that 

The latter is readily deduced from (124|) . In what follows we fix a point >Ca,b) a vector e 
with < mini^j^„ej < tq and a 5 G (0, 1/2). Without loss of generality, we assume that 
El ^ ... ^ En and that jJ^iC^^b H C) 7^ 0. We now verify that 

n C) ^ 2v^K2^ei . (25) 

Let X and X' be any two points in C^^^ fl C. Thus, X = g(x) and X' = g(x') for some 
X, x' G /. It follows that 

\gi{x) — bi/a\ < 6ei and \gi{x') — bi/a\ < 6ei , (26) 

where bi is the first coordinate of b associated with the point Ca,h and gi is the first 
coordinate function of g. By the Mean Value theorem, there exists some 6 G [0, 1] such 
that 

\{gi{x) -bi/a) - {gi{x') -bi/a)\ = \gi{x) - gi{x')\ 

= \x - x'\\g[{9x+ {1- e')x')\ . (27) 

By (EID, (126]) and (127]), it follows that 

\x-x'\ ^ 2kSei . (28) 

In view of (l24l) . g^ is monotonic for every i and therefore the set g~^(£^^^^ fl C) C / is an 
interval. Let Xq and Xi be the endpoints of this interval with xq < Xi. Clearly, (l28l) is valid 
with X = Xq and x' = Xi. Therefore, 

This is precisely (|25|) . Now, let i? be a ball centred at X of radius Ei/2. By the choice of 
X and the fact that 5 < 1/2, we have that 

B C C%. (29) 

By the Mean Value Theorem and ( l24l) . for any x G /' := {x' G / : |x — x'| < 5i/ (2Y^'t)} 
we have that 

|g(x') - g(x)| = |g'(^V + (1 - e')x)\ \x - x'l < El/2 . 
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It follows that g(x') G B for any x' G /' and that |/'| ^ ei/ (2^/nK,). Hence, 

r m 

fi{5B n C) ^ fi{B n C) ^ / \g'{x)\dx ^ |/'| ^£1/4. (30) 

Ji' 

On combining inequalities (l25il and (l30ll . we obtain that 

/i(5fi n 4"!? n C) ^ n C) ^ 2y^K^6ei ^ 8V^K^6i2{5B n C) . (31) 

Clearly, (129|1 verifies f|T3|) and fl3T]) verifies f|T4|) . Thus, the measure /i on MJ^^^ is strongly 
contracting. By Theorem [T]B, it follows that is inhomogeneously strongly extremal 
on M"^^. By definition, or equivalent C is simultaneously inhomogeneously strongly 
extremal. This establishes Theorem HB in the case that is a different iable curve. To 
deal with manifolds in general, we appeal to Fubini's theorem. For any 6 G M", consider 
the sets 

^« := {x G fio : tt'''(f(x),6/) = 1} and S^, := fM^, . 

Clearly, E^, C -Bx'- For almost every x' the measure yU on the corresponding curve A^x' 
is simultaneously inhomogeneously strongly extremal. Thus, for almost every x' the slice 
£^1 has full Lebesgue measure in By^i. Hence, by Fubini's theorem we have that £^ has full 
Lebesgue measure in Bq. Consequently, f (£^^) has full Riemannian measure in V := f (-Bo)- 
This completes the proof of Theorem |4]B. 

The proof of Theorem IHA. follows the same line of argument as above. However, we 
only require that the inequality in (125]) holds for at least one value of i rather than for all 
i. This is the case for any differentiable manifold irrespective of the direction v. Hence 
there is no extra hypothesis on M. in Theorem HJA.. The details are left to the reader. As 
mentioned at the end of §1.4[ for a self-contained and independent proof of Theorem IHA. 
see [10]. 

3 Lower bounds for Diophantine exponents 

Given a measure ^ on R"*^", suppose we are interested in establishing that /i is inhomo- 
geneously strongly extremal. Clearly, this would follow on showing that for all G M™ 

(X, e) ^ 1 for /^-almost all X G M""^" 

and 

«;^(X, 6) ^ 1 for /i-almost all X G M™^'^. (32) 

Establishing inhomogeneous extremality corresponds to similar statements with w^{X, 0) 
replaced by w{X, 6). Note that as a consequence of ([3]) and (jlj), in the homogeneous case 
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{6 = 0) the set of X satisfying w{X,0) ^ 1 or w^{X,6) ^ 1 is the whole space. Thus, 
( !32|) is automatically satisfied within the homogeneous setting. A priori, this is not the 
case within the inhomogeneous setting. The goal of this section is to establish (|32ll and 
the analogous w{X, 0)^1 statement for extremal measures within the inhomogeneous 
setting. 

Proposition 4 Let fi be an extremal measure on M™^". Then for all G M™', 
(X, 6) ^ w{X, 0) ^ 1 for n-almost all X G M™''" . 

If n is extremal, then w{X) = 1 for //-almost all X G R*"^" and Proposition |4] readily 
follows from (j4]) and the following statement. 

Lemma 1 Let X e M™""" such that w{X) = 1. Then for all 6 G W, 

(33) 

The proof of the lemma utilises basic 'transference' inequalities relating various forms 
of Diophantine exponents. These we briefly describe. A form of Khintchine's transference 
principle due to Dyson [361 Theorem 5C] relates the homogeneous exponents of X and its 
transpose *X. It states that 

w{X) = 1 ^ wCX) = 1 for all X G M"'^'^ . (34) 

In the spirit of Cassels jJOl Chapter 5], Bugeaud & Laurent |I9] have recently discovered 
transference inequalities that relate the Diophantine exponents w{X, 0) with their uniform 
counterparts w{X, 0). The latter are defined as followed. Given X G M™-^"- and G M"^, 
let w{X, 6) be the supremum of w ^ such that for all sufficiently large Q there is 
a q G \ {0} satisfying ([1]). As with the standard non-uniform exponents, a trivial 
consequence of Dirichlet's theorem is that 

w{X) ^ 1 for all X G M™^" . (35) 

Also, the following inequalities are easily verified. 

w(X,6>) ^ w{X,e) ^ 0. (36) 



Theorem BL (Bugeaud & Laurent) Let X G M™''". Then for all G M", 

wiX,9)^^^ and w{X,e)^^— (37) 
with equalities in ([5^ for almost all 6 G M™. 
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We are now fully armed to proceed with the proof of above lemma. 

Proof of LemmaUl We are given that w{X) = 1. Hence, by (!34|) it follows that w{^X) = 1. 
This together with (153]) and (IS^ a-n applied to *X implies that w{^X) = 1. In turn, this 
combined with (1571) implies that w{X, 0)^1 and thereby completes the proof. 

Remark 1. It is worth pointing out that Lemma[T], which allows us to deduce Proposition!!] 
and thereby reduce the proof of Theorem [1] to establishing upper bounds for the associated 
Diophantine exponents, can in fact be proved without appealing to Theorem BL. Indeed, 
a proof can be given which only makes use of classical transference inequalities; namely 
Theorem VI of Chapter 5 in [20] . Thus, the proof of Proposition H] and therefore Theorem 
[T]is not actually dependent on the recent developments regarding transference inequalities. 

Remark 2. Theorem BL actually gives us information beyond Lemma [TJ It enables us 
to deduce that inequality (133]) is in fact an equality for almost all G M™. Thus, the real 
significance of Theorem [TJA. is in establishing a global result which holds for all 6 G W^. 

3.1 Proof of Proposition [1] 

Let /X be a measure on M™^". Given that is inhomogeneously strongly extremal we wish 
to conclude that /i is inhomogeneously extremal. This as we shall now see is a simple 
consequence of (]4]) and Lemma [H 

We are given that for any 6 G M™, w^(X,6>) = 1 for /^-almost all X G M'"^". By 
(]!]), it follows that for any 6 G W^, w{X,e) ^ 1 for //-almost all X G M™^". Thus, we 
only need to show that for any 6 G M™, w{X, 6) ^ 1 for //-almost all X G M™^". Since 
fi is inhomogeneously strongly extremal we trivially have that /t is strongly extremal and 
therefore extremal. In other words, w{X) = 1 for almost all X G M'"^". This together 
with Lemma [T] yields the desired statement. 



4 A reformulation of Theorem [T] 

The goal of this section is to reformulate Theorem [1] so that the new statement can be 
deduced via the general framework developed in ^ On the other hand, the reformulation is 
natural even for a direct proof of Theorem [T] and thereby motivates the general framework. 

Theorem [1] consists of two parts which we refer to as Theorem [TJ\ and Theorem [TJ3. 
We will concentrate on establishing Theorem [TB. The proof of Theorem [TJA. is similar in 
spirit and we shall indicate the necessary modifications that need to be made. 

With the intention of proving Theorem [TJ3, let /i be a strongly extremal measure on M'"^" 
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and define 

In view of Proposition IH Theorem [T]B is reduced to sliowing tliat 

= for all 6> e R™ . (38) 

The key towards establishing (l38l) is the following reformulation. Let T denote a countable 
subset of 1^™-+" such that for every t = (ti, . . . , tm+n.) G T 



n 



J2tj=Y.^m+i. (39) 
j=l i=l 



For t G T, consider the diagonal unimodular transformation gt of R™"*"" given by 

gt := diag{2*S...,2*"%2"*'"+^...,2"*'"+"}. (40) 

For X E R™^", define the matrix 



My 



Im X 



/„ 



where J„ and Im are respectively the n x n and m x m identity matrices. The matrix Mx 
is a linear transformation of M"*"'""'. Given 6 G R"^, let 

: a A/^a := M^a + , 

where := *(^i, . . . , 0, . . . , 0) G R™+". Thus, M|- is an affine transformation of R™+". 
Let 

A = Z"'x (Z" \ {0}) . (41) 
Then, for e > 0, t G T and a E A define the sets 

Af(a,5) := {X G R"*^" : \gtM^a\ < e} (42) 

and 

Af(£) := M Af(a,£) = {X G R"^^^'^ : inf l^^tM^al < e} . 

For ?7 > 0, define the function 

V''' : T R+ : t ^ 'tP^ := 2-^"(*) (43) 
where cr(t) := ti + ■ ■ ■ + tm+n, and consider the limsup set given by 

A^(^^) := limsupAf(^,^). (44) 

tGT 

In the case = 0, we write At('?/''') for A^('?/;^). The following result provides a reformu- 
lation of the set A^n terms of the limsup sets given by 
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Proposition 5 There exists a countable subset T o/M™"*"" satisfying i\39[) such that 

^2"''"(*) < oo V > (45) 



tgT 

and 



<n=U<(^') VeeM'". (46) 

??>0 



Now, let yU be a measure on R™-^" that is strongly contracting. Then, as a consequence of 
fl38|) and Proposition [5l the proof of Theorem [TJ3 is reduced to showing that 

/i(AT(V^'')) = V r/ > =^ f^iKii^"^)) = V r/ > (47) 

for a suitable choice of T satisfying (l39l) and (145|) . It is worth mentioning, that in the proof 
of Proposition [5] an explicit choice of T is given. 

Remark. In the case of Theorem [T]\, the analogous reformulation and reduction are 
equally valid. The only difference is that is defined in terms of w{X, 6) rather than 

w^(X,6»). 



4.1 Proof of Proposition [5] 

Given s = (si, . . . , Sm) G Z+ and 1 = (/i, ...,/„) G , let 

a(s) := , ail) := k and C := C(s, 1) = ^M^^ , 

i=i i=i 

where is the set of non-negative integers. Furthermore, define the (m + r;,)-tuple t = 
(ti, . . . ,tm+n) by setting 

t := (si - C, • • • , - C, ^1 + C, • • • , + C) (48) 

and let 

T := {t e M™+" defined by (gH]) : s e Z™, 1 e Z^^ with a(s) ^ a(t)} . (49) 

The goal is to show that this choice of T is suitable within the context of Proposition [5l 
Equality (l39i) readily follows from (H8ll . Next, it is easily verified that for any t G T 



I a(t) = (t(s) - mC = fT(l) + nC , (50) 
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where a(t) := Yll^=i '^k ■ This together with the fact that C is non-negative, yields that 

a{\) ^\a{t) ^a{s) . (51) 

Furthermore, on summing the two different expressions for \cr{t) arising in (150|) and using 
the fact that cr(l) ^ 0, we obtain that 

a(t) = a(s) + - ^ (a(s) - a(l)) ^ a(s) + a(l) - ^ (a(s) + a(l)) 

^ ^ + -(!))• (52) 
The latter inequality establishes ( l45l) . In turn, it follows that for any v G M+ 

#{t G T : a{t) <v} < oo . (53) 

Now to establish the set equality ( |46|) . fix G M™. It is easily verified that X G ^4.^^ 
if and only if there exists an £ > 0, such that for arbitrarily large Q > 1 there is an 
a = (p, q) G ^ := Z"^ x (Z" \ {0}) satisfying |Xq + p + 0| ^ 1/2 such that 

n(Xq + p + 0) <g-(i+^) and n+(q) ^ Q • (54) 
Step 1. We show that 

<n^UA^(V^^). (55) 

r/>0 

Suppose X G It follows that (15^ is satisfied for infinitely many Q G Z+. For any 

such Q, there exist unique s G Z'" and 1 G Z" such that 

2-'^ ^ max I |Xj q + p^- + % | , g-(^+-') | < 2"'^+^ for 1 ^ j ^ m (56) 

and 

2'" ^ max{l, < 2'^+^ for l^i^n. (57) 

Throughout, Xj := {xj^i, . . . ,Xj^n) denotes the j-th row of X G M"^^". By ( l56i) and (l57Il . 
we have that 

2"(')^n+(q) and 2^"(^) < max|n(^q + P + ^) , Q"^^"^"^} • 
This together with ([54]) implies that 2'''^^^ < 2^'^(')(i+=). Hence, 

a{s) - a{\) > ea(l) ^ . (58) 

Thus, t given by ( HHj) with s = (si, . . . , Sm) and 1 = (/i, . . . , /„) satisfying ( l56l) and ( 157|) is 
in T. 
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If a(s) ^ 2(t(1), then 



^ _ a(s) 1^ ea{\) ^ eajs) El ea{t) 



m + n m + n 2(m + n) 4(m + n) 

If a(s) > 2(t(1), then 

^ ^ a(s) - ^ a(s) El a(t) 



m + n 2(m + n) 4(m + n) 

On combining the above inequalities, we deduce that 



C > r/0 a(t) with r/o := ^^^^^^ ' (^9) 

4(m + n) 



With reference to (1401) . we have that 

gt = 2'-'^diag{r\...,r-,2-'\...,2-'-} 
and in view of fl56|) and fl57|) . it follows that 

inf l^tMtal < 2 • 2"^ . (60) 

For < ?7 < ?7o, fl59l) together with fl60|) implies that 

inf l^tM^al < 2^""^*) (61) 

for all sufficiently large cr(t). Note that fl54|) and fl56|) ensure that (j(s) — > oo as Q ^ C)0. 
Therefore, in view of flS2]) and the fact that flM|) is satisfied for infinitely many Q G Z+, 
we have that flM]) is satisfied for infinitely many t G T. The upshot is that X G A^i^jj'i ) 
for any r] G (0,?7o). This estabhshes ( 155|) . 

Step 2. We show that 

<n^U<(^')- (62) 

r;>0 

Suppose X G A^('?/;'') for some ?7 > 0. By definition, (I6T1) is satisfied for infinitely many 
t G T. For any such t, there exists a = (p, q) G .4 such that 

\gtM^a\ < 2-''"(*) . 

On taking the product of the first m coordinates of gtM^a, we obtain that 

m 
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Similarly, the product of the last n non-zero coordinates of gtM^ct yields that 

By definition, tm+i ^ (1 ^ z ^ n) for any t = (ti, . . . , tm+n) € T. Also, in view of fl52|) 
we have that a{t) ^ 0. Hence, by ( l39l) the above displayed inequalities imply that 

n(^q + p + 6») < 2-"'"^(*)-'^(t)/2 and n+(q) < 2"^*^^' • (63) 

By fl53|) . we have that (l63l) is satisfied for arbitrarily large o"(t). Now set Q = 2'^*^*''/^ and 
e := 2m?7. It follows that (154|) is satisfied for arbitrarily large Q. The upshot is that 
X e This estabhshes 

Steps 1 and 2 establish (146|) and complete the proof of Proposition [51 

Remark. With ^^.^ := {X G R"*^" : w{X,6) > 1}, as is the case when dealing 
with Theorem [TJA., the proof of Proposition [5] remains pretty much unchanged. The main 
difference is the manner in which we define the set T. Given s G and / G Z+, let 
s := (s, . . . , s) G and 1 :=(/...,/) G Z^. On keeping the same notation as above, we 
have that ( = Furthermore, define t = (ti, . . . , tm+n) by setting 

t:= (s-c,..., s-c, /+c,---,^+c) <m) 

m times n times 

and let 

T := {t G M"'+" defined by (jM) : s G Z+, / G Z+ with s ^ t } . (^) 

Note that T is a subset of the set defined by (jlH])- Thus, conditions (jSHD and (1451) are 
automatically satisfied for this 'smaller' choice of T. To establish the set equality (H6!l . 
we start by verifying that X G A^n if o^^Y if there exists an e > 0, such that 
for arbitrarily large Q > 1 there is an a = (p, q) G .4 = Z,'" x (Z" \ {0}) satisfying 
||Xq + p + < Q~^~^ and |q|" ^ Q. These inequalities replace those appearing in (IMj) 
and by naturally modifying the arguments setout in Steps 1 and 2 above, we obtain (H^ . 

5 An Inhomogeneous Transference Principle 

In this section we develop a general framework that allows us to transfer zero measure 
statements for homogeneous limsup sets to inhomogeneous limsup sets. To a certain 
extent, the framework is motivated by our desire to establish the specific transference 
given by (1471) and thereby complete the proof of Theorem HI 
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Let d) be a locally compact metric space. Given two countable 'indexing' sets A 
and T, let H and I be two maps from T x ^ x into the set of open subsets of Q such 
that 

H : (t, a, e) G T X ^ X M+ ^ Ht(a, e) 

and 

I : (t, a, e) G T X X M+ ^ It(a, e) . 

Furthermore, let 

Et{e) := U Ht(a,£) and lt{e) := |J lt{a,e) . (64) 

Next, let ^ denote a set of functions ip : T ^ : t ipt ■ For G ^, consider the 
limsup sets 

Ah('^ ) = limsup Ht('?/'t) and Aj (■?/;) = limsup It (V^t) • (65) 

teT tgT 



For reasons that will soon become apparent, we refer to sets associated with the map H 
as homogeneous sets and those associated with the map I as inhomogeneous sets. The 
following 'intersection' property states that the intersection of two distinct inhomogeneous 
sets is contained in a homogeneous set. 

The intersection property. The triple (H, I, ^') is said to satisfy the intersection 
property if for any G there exists ip* E such that for all but finitely many t G T 
and all distinct a and a' in A we have that 

It(a,^At)nlt(a',^t) cHt(V':) • (66) 

The following notion of 'contracting' is the natural generalisation of the M™^'^ version 
stated in ^211 



The contracting property. Let /i be a non-atomic, finite, doubling measure supported 
on a bounded subset S of Q. We say that fi is contracting with respect to ( I, ^) if for any 
E there exists ■ip'^ E and a sequence of positive numbers {fctjtex satisfying 



J2kt<oo, (67) 



t€T 



such that for all but finitely t G T and all a G ^ there exists a collection Ct^a of balls B 
centred at S satisfying the following conditions : 

5nlt(a,^t) C U (68) 
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Sn U B C It(a,^t^) (69) 

and 

/i(5finlt(a,^t)) ^ h /i(55) . (70) 

The intersection and contracting properties enable us to transfer zero /i-measure state- 
ments for the homogeneous hmsup sets An^il:) to the inhomogeneous hmsup sets Ai^tp). 

Theorem 5 (Inhomogeneous Transference Principle) Suppose that (H, I, ^) satis- 
fies the intersection property and that fi is contracting with respect to (I, Then 

/i(AH(v;)) = o v?/^e* ^ /i(Ai(v^)) = o y^pe^. (71) 

Before proving Theorem [5l we consider an application that establishes (H71) and at the 
same time clarifies the above abstract setup. 

5.1 Completing the proof of Theorem [1] 

Given the Inhomogeneous Transference Principle, we are fully armed to complete the proof 
of Theorem [H In view of the reformulation and reduction carried out in ^ both parts of 
Theorem [1] follow on establishing (H7j) with an appropriate choice of T. As in §11 we will 
concentrate on the proof of Theorem [T}3 - part (B) of Theorem [H 

Throughout 6 G is fixed. Let be a measure on M™-^" that is strongly contracting 
almost everywhere and fix a set T arising from Proposition O In terms of establishing (1471) . 
sets of yU-measure zero are irrelevant. Therefore we can simply assume that fi is strongly 
contracting. We show that fHTl) falls within the scope of the above general framework. Let 
n := M"*^" and let A be given by (gl]). Given e E , t e T and a e A let 

Ht(a, e) := At(a, e) = A°(a, e) and It(a, e) := Af (a, e), 

where Af{a,e) is defined by (l42l) . This defines the maps H and I associated with the 
general framework. It is readily seen that Ht(e) = A°(e) and lt{e) = Af(e). Next, let * 
be the class of functions given by fl43p . Then, it immediately follows that 

Ah(V') = At(^/') := KW and Aiitfj) = A^i^fj) , 

where the set A^{ip) is defined by (jH]). The upshot is that fHT]) and flTTl) are precisely the 
same statement. In view of the Inhomogeneous Transference Principle, it follows that W7}i 
is a consequence of verifying that (H, I, ^) satisfies the intersection property and that fi is 
contracting with respect to (I, 
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Verifying the intersection property. Let ip G ^. This means that iJt = 2-'''^(*) for some 
constant 77 > 0. To estabhsh the intersection property given by (166|) . define ip* by setting 
^* = 2-''/2'^(*). Obviously, V* e Next, fix two distinct a and a' in A. By definition, 

= (p, q) and a' = (p', q') 
for some p, p' G Z'" and q, q' G Z" \ {0}. Now, take any point 

X G It(a,^t)nlt(a',^At) := Af (a, ^/-t) H (a', ^t) • 

Clearly, we may as well assume that the intersection is non-empty. In the notation of §|ll 
we have that 

\gtM^a\ <^t and \gtM^a \ < ■ (72) 

Let a" := (p", q"), where p" := p - p' G Z™ and q" := q - q' G Z*". Since T satisfies 
and therefore fl53l) . it follows that 

I72I1 

\gtM^a"\ = \g,M^{a-a')\ = Ig^M^a - g^M^a'l < 2^t < V^t* (73) 

for all but finitely many t G T. If q" = 0, we obtain via fl73|) that \p"\ < ^p^ < 1 for all but 
finitely many t G T. However p" G Z™ and so we must have p" = 0. This contradicts the 
assumption that a 7^ a'. The upshot is that q" 7^ and so a" G A. Hence, it follows that 

XG At(a",^:)c At(^:) :=Ht(^:) 

for all but finitely many t G T. This verifies the intersection property. 

Verifying the contracting property. Recall, /i is a measure on M"'^"' that is strongly con- 
tracting. Therefore, n is by definition non-atomic, doubling and finite. Also without loss 
of generahty we can assume that the support S of fi is bounded. Thus, to establish that 
fi is contracting with respect to (I, ^) it remains to verify the conditions given by (!67|) 
- (1701). Fix V G Then, ipt = 2^'''^(*) for some constant 77 > and we define ip'^ by 
setting ip^ := \/tpt- Obviously, G ^. Let tq be the positive constant appearing in the 
definition of strongly contracting. Since T satisfies psj) and therefore fl53l) . it follows that 

^ min{l,ro} and C7(t) ^ (74) 

for all but finitely many t G T. Now fix such a t = (ti, . . . , tm+n) G T and a' = (p, q) G A. 
The set It(a','i/'t) corresponds to X G M™^" satisfying 

\Xj q + Pj + 9j\ < 2-*^?/^t (1 ^ j ^ m) with \qi\ < 2*-+'V't {I ^ i ^ n) . (75) 

Similarly, lt{a',ip^) corresponds to X E M™^" satisfying 

\Xjq + pj + %| < 2"*^^+ (1 ^ j ^ m) with \qi\ < 2*'"+^z/'+ {1 ^ i ^ n) . (76) 
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Without loss of generality, we assume that the right hand side inequalities of (175!) and (!76|) 
are fulfilled for a' = (p,q). Otherwise, the sets under consideration are empty and the 
conditions ( j68l) - ( TfOl) are easily met. For j G {l,...,m}, define 

ej = £j-t := 2-'^i:+/\q\2 and let S = 6t := ^pt- (77) 

By (1391) and the fact that cr(t) ^ 0, it follows that X]j=i^i ^ ^^'^ there exists 
j G {1, . . . ,m} such that 2"*^ ^ 1. Since q G Z" \ {0} we have that |q|^^ ^ 1. Therefore 
mmi<^j<^rn£j,t < i^t (1741) implies that 

min Ejt < To and 6t < 1 ■ 

By the definition of we have that Sej = 2~*J'?/;t/|q|2 for each j G {1, . . . , m}. Therefore, 
by ([75D and ([76D, it follows that 

It(a', z^t) = 4¥ and It(a', = , (78) 

where L^^^ and are defined by (fT2l) with a := q/|q|2 and b := (p + 0)/|q|2. By the 
definition of strongly contracting, for each X G C^^^ fl S there is an open ball B = Bx 
centred at X such that ( fT3l) and ( fT4l) are satisfied. With reference to the general framework, 
define Ct^a' to be the collection of all such balls. By definition, each point X G d"^^ fl S 
is the centre of a ball in Ct,a'. Finally, for any t G T, let 

h := ci^i^tr 

where C and a are the constants appearing in the definition of strongly contracting. Then 

(1671) follows from (|45|): 

(l68l) follows from the definition of Ct,a'; 

(Ei) and (1701) follow from ([T3l) and (fTil) via (1781). 

This verifies that is contracting with respect to (I, 

Remark. When dealing with Theorem [1]^, the above arguments remain essentially un- 
changed. The main difference is that we work with the specific T given by (l49l^). Then 
for any t = (ti, . . . , tm+n) £ T, we have that ti = ■ ■ ■ = tm- This ensure that ei, . . . , 
as defined by ( 1771) are all equal and therefore /i being contracting rather than strongly 
contracting is sufficient. 
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6 Preliminaries for Theorem 



5 



In this section we group together various self contained statements that we appeal to during 
the course of establishing the Inhomogeneous Transference Principle. We start with a basic 
covering result from geometric measure theory. 

Lemma 2 Every collection C of balls of uniformly bounded diameter in a metric space 
contains a disjoint subcollection Q such that 

[jBci[jhB. 

Bee Beg 

This covering lemma is usually referred to as the 5r-lemma. For further details and 
proof the reader is refereed to [2H [32]. The following enables us to bound the cardinality 
of the disjoint collection arising from the 5r-lemma. 

Lemma 3 Let {Q, d) be a metric space equipped with a finite measure fi. Then every dis- 
joint collection C of ix-measurable subsets offl with positive fi-measure is at most countable. 

Proof. For /c G Z, let C^'^^ be the subcollection of C consisting of sets B E C such that 
2'^ ^ n{B) < 2'^"'"^. Obviously we have that C = Ufcgz^'''^^- Since the balls in C are pairwise 
disjoint, it follows that #C('=) ^ 2-^^{Vl) < oo. Therefore, C is a countable union of finite 
sets and so is at most countable. 

The next statement is a simple consequence of the continuity of measures. 

Lemma 4 Let (i) be a metric space equipped with a measure fi. Let {Ai}i^-^ be a 
sequence of ^-measurable subsets of Vt and 

oo oo 

Aoo := limsupA = Q . 

i— »oo -I . 

m=i i=m 

Then /i(Aoo) = if and only if for any e > 0, there exists a positive constant niQ^e) such 

that yU(Ui^m ^i) ^ ^ /^'^ ^ "^o(^) ■ 

Recall, that the Borel-Cantelli lemma from probability theory states that 

oo 

/i(Aoo) =0 if ^At(^i) < oo . 

i=l 

Sprindzuk's proof of Mahler's conjecture is based on the notions of essential and inessen- 
tial domains - see §14]. As we shall soon see, the proof of Theorem [S] is based on the 
related notions of //-essential and //-inessential balls. The following lemma enables us to 
exploit these key notions. 
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Lemma 5 Let {Q,d) be a metric space equipped with a finite measure fi. Let {SjjjgN be 
a sequence of ^-measurable subsets of Vt. Suppose there exists a constant c G (0, 1) such 
that for every z G N 

^^{B,n{j.^,B^^c^l{B,). (79) 

Then 

Y,^^{B,) ^ /i(fi). 

■"f— ' 1 — c 



Proof. Given i G N, let 

5° := 5 \ y Bj and B] := 5 n |J 5^ . 

Thus, B^ corresponds to the region of Bi that is disjoint from the sets Bj with j ^ i. 
On the other hand, B] corresponds to the region of Bi that is non-disjoint from the 
sets Bj with j ^ %. Obviously B^ and B\ are /^-measurable. By fl79|l . we have that 
ix{B\) = ft{B) - ft{B}) > (1 - c)ft{B). Thus, 

KB) < ^ KB^) . (80) 
1 — c 

By construction, B^ fl i?^ = for distinct i,j G N. Therefore 

oo iSOl -, oo ^ o 

EMi?^) ^ ^^^^^^ = r^KU^O ^i^^M^^)- 

i=l 1=1 jGN 



7 Proof of Theorem [5 

Fix any ^/^ G The goal is to show that 

/i(Ai(V^))=0. (81) 

We are given that fi is contracting with respect to (I, ^'). Note that we can assume that 
this contacting property and indeed the intersection property defined in ^ are valid for 
all t G T rather than all but finitely many - removing a finite number of elements from T 
does not alter the limsup set Ai(-?/^) under consideration. With this in mind, let ip'^ G 
be the function, {A;t} be the sequence and Ct,o be the collection of balls arising from the 
contracting property. Since S = supp is bounded, we can assume that the balls in Ct^a are 
of radius bounded by r = diam(5'). Indeed, if Ct,a contains a ball B of radius bigger than 
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r centered at x then we can replace B with B{x,r). This replacement would not affect 
the properties (!68l) - (170l) as S C B{x,r). Thus, in view of Lemma [2] there is a disjoint 
subcollection Qt,a of Ct,a such that 

U fiC [j bB. (82) 

Every ball B G Qt,a is centred at the support of fi and so is of positive /x-measure. Thus, 
by Lemma [31 the collection Qt ^ is at most countable. In view of fl68p and (152]) we have 
that 

5nlt(a,^/'t) C IJ 5finlt(a,V^t) C It(«,^/'t). 
Taking the union over all o; G ^ and using flM|) gives 

5nit(V't) c U U 55nit(a,^t) c it(^t). 

In view of f l65|) . it follows that 

S'nAi(^) C limsupl J I J 55nlt(a,^t) C Ai(^) . 

a£AB£gt,c 

This implies that 

/x(Ai(V')) = /i(limsup U U 5Bnlt(a,Vt)) . (83) 

Thus, (IHT!) will follow on establishing that the right hand side of fl83l) is zero. The key 
that enables us to do precisely this, is the following decomposition of the right hand side 
lim sup set in terms of /i-essential and /x-inessential balls. 

Definition. A ball B G Qt,a is said to be ^-essential if 
and ^-inessential otherwise. 

Let Pt,a denote the collection of //-essential balls in Qt^a and let Mt,a denote the collection 
of /i-inessential balls in Qt^a- Consider the corresponding hmsup sets 



Ad := lim sup |J |J 55nlt(a,Vt) 

and 



An = lim sup \^ \^ 55 fl It(a, ^t) • 
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It is easily seen that the hmsup set in the right hand side of (!83|) is equal to An U Ad and 
so we have that 

fiiAiiip)) =/i(ADUAN) . 
Thus, the statement of Theorem [5] will follow on showing that /^(Ad) = and /^(An) = 0. 



7.1 The yU-essential case: //(Ad) = 

In view of (Ell), Lemma [5] and the fact that Qt,a is a disjoint collection of balls, we have 
that 

5^ J2 KB)^2f,{Q). (85) 

It follows that 

^(U U 5finlt(a,^t)) < J2 Yl /^(55nlt(a,V^t 

^ ^ 

aeA BeVt,c 



^ 2 fi{Q)X^kt . 

Since /i(fi) < oo, the quantity 2/i(f2)A^ is a finite positive constant. Hence, 
E -"(U U 5finlt(a,7At)) < ^/ct ^ oo. 

tST aeABeVt^a tST 

A simple consequence of the Borel-Cantelli lemma is that /x(Ad) = . 

7.2 The /i-inessential case: //(An) = 
For a ball B G A/'t.a, let 

B^:=B n \J \J B'. 

a'eA^{a} B'eg^ ^, 

By definition, 

/i(5N) > |/i(5) . (86) 
29 



Consider the following two sets 



A'-^ = lim sup M M 5B and A'l^ = lim sup I J I J i?N • 

Obviously we have that An C . Hence, it suffices to show that 

MAn) =0. 

Step 1: /^(An) = 0. Note that in view of ( l69i) . for any B G At, a C Qt,a we have that 

5 n 5 C . (87) 

By definition, if a; G S fl then there exists a' G ^ \ {a} and a ball 5' G Qt,a' such that 
X G 5'. Again, by (169|) we have that 

5 n fi' C ^/^t^) . (88) 

Since x G 5 n B n 5', it follows via ([HTD and ([88]) that 

a; G I(a,V^+) nl(a',^/'+). 

We are given that (H,I, ^') satisfies the intersection property. Thus, in view of (l66l) we 
conclude that 

X G Ht(^n , 

where '0* G ^' is associated with ip^ . The upshot is that if x G S fl A^, then x lies 
in the 'homogeneous' sets Ht(?/'t) for infinitely many t G T. In other words, S fl A'j(, C 
Ah(^/'*). However, homogeneous lim sup sets are assumed to be of /x-measure zero - see 
flTTj) . Therefore, 

/i(A;;) = . (89) 

Step 2: /i(A^) = 0. Fix any enumeration {t/}/gpj of the set T. For m G N, let 

AnM:=U U U ^n. (90) 

Then, A^ = nm=iAN("^)- view of ( 1891) . it follows via Lemma H] that for any 6 > 0, 
there exists a positive constant mo (5) such that 

/i(A;^(m)) < 5 V m > mo{5) . (91) 

Let ^(m) be the collection of balls 5B such that B G J^ti,a with / ^ m and a E A. By 
f l90|) . for any 5B G ^(m) we have that B fl A'f^(m) D i?N. Therefore, 



fx{B n A'l,im)) ^ fi{B^) > \^i{B) (92) 
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for any 5B G G{m). Recall that S is bounded and so ^(m) is a collection of balls of 
uniformly bounded diameter. Thus, in view of Lemma [2] there is a disjoint subcoUection 
Q'{m) of Q{m) such that 

IJ 5B C [j 255. 

5Beg{m) 5Beg'(m) 

Finally, for m ^ mo (5) let 

^Um) := U U U 



Then 



/i(A;,(m)) ^ /i( U 255) 

^ J] /i(25S) 

5Bgg'(m) 



^ 2A^ ^ /i(5nA;;(m)) 

5Beg'(m) 
o 

5Beg'{m) 

^ 2AV(A;;(m)) 

inn 

^ 2A^5. 

Since = f]^^-^ A^m), it follows via Lemma IHthat /i(A^) = 0. 



8 Final comments and open problems 

In principle, there are numerous problems that can be treated by applying the basic recipes 
introduced in this paper - in particular the Inhomogeneous Transference Principle of ^ 
The goal here is to indicate the diversity of these problems beyond those considered in the 
main bulk of the paper. 

Beyond simultaneous and dual extremality: (i-extremality. The dual theory of 
Diophantine approximation is concerned with approximation of points in R" by (n — 1)- 
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dimensional rational planes; i.e. rational hyperplanes. The simultaneous theory of Dio- 
phantine approximation is concerned with approximation of points in M" by 0-dimensional 
rational planes; i.e. rational points. As a consequence of Khintchine's transference prin- 
ciple, the two forms of approximation lead to equivalent notions of extremality in the 
homogeneous case. However, as a consequence of a recent work by Laurent a lot more is 
true. For d G {0, ... n — 1}, it is natural to consider the Diophantine approximation theory 
in which points in M" are approximated by d-dimensional rational planes - the dual and 
simultaneous theories just represent the extreme. The related homogeneous Diophantine 
exponents uJd{^) have been studied in some depth by Schmidt [35] in the sixties and more 
recently by Laurent [30]. We refer the reader to Laurent [30] for the definition of these ex- 
ponents. For the purpose of this discussion, it suffices to say that for any d E {0, ... n — 1}, 
we have that co'd(x) ^ [d + l)/{n — d) for all x G M". Now let /i be a measure on and 
say that /i is d-extremal if 

a;d(x) = [d + l)/{n — d) for /i-almost all x G M"'. 

Khintchine's transference principle implies that the extreme cases (rf = and d = n — 1) 
of (i-extremal are equivalent. Leaving aside the details, the Schmidt-Laurent 'Going-up' 
and 'Going-down' transference inequalities imply that all n notions of li-extremality are in 
fact equivalent. This together with Theorem KLW implies the following statement. 

Theorem 6 Any friendly measure on M" is d- extremal for all d E {0, . . .n — 1} . 

Given the equivalence of the n notions of rf-extremality, there is no need to distinguish 
between them. Indeed, for measures fi on it makes perfect sense to redefine the standard 
notion of extremal and say that fi is extremal if fi is (i-extremal for all G {0, ... n — 1}. 
Recall, that the standard notion only requires that /i is d-extremal for d = and d = n — 1. 

In view of [30], it is natural to extend the notion of d-extremality to the inhomogeneous 
setup. Here an approximating d-dimensional rational plane is shifted by an appropriately 
scaled transversal vector parameterised by G M""'^ - the inhomogeneous part. Leaving 
aside the details, let ujd{'^, Q) denote the inhomogeneous Diophantine exponent that arises 
in this way. Then, given a measure /i on M" we say that yU is inhomogeneously d-extremal 
if for all e G W-'^ 

Udip^, 6) = {d+ l)/(n - d) for /i-almost all x G W. 

In view of the above case for redefining the (homogeneous) notion of extremal for measures 
/i on M*^, it would be quite natural to say that /i is inhomogeneously extremal if is 
inhomogeneously d-extremal for all d G {0,...n — 1}. The definition given in §1.31 only 
requires that is inhomogeneously (i-extremal for (i = and d = n — 1. In any case, the 
problem of establishing the inhomogeneous generalisation of Theorem [6] now arises. 

Conjecture 1 Any friendly measure on M" is inhomogeneously d-extremal for all d G 
{0,...n-l}. 
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Unlike the homogeneous case, the Schmidt-Laurent transference inequahties are not apph- 
cable and the n notions of inhomogeneously (i-extremahty are not necessarily equivalent. 
Consequently, each one needs to be considered separately. Clearly, Theorem [2] implies the 
desired statement for ti = and d = n — 1 but they do not imply the statement for d 
between these extreme values as in the homogeneous case. For measures /i on M" one can 
define the notion of d- contracting by replacing the planes £a,b appearing in the definition 
of contracting (Definition [3]) with (i- dimensional planes. Conjecture 1 would then follow on 
establishing the following generalization of Theorem [T]A. subject to showing that friendly 
measures are (i-contracting. 

Conjecture 2 Let fi be a measure on and d G {0, . . . n — 1}. If fi is d-contracting 
almost everywhere then 



In order to establish Conjecture 2, it would be natural to follow the recipe used to establish 
Theorem [T]A.. This involves obtaining upper and lower bounds for Ud{':x^,0) separately. In 
short, the upper bound would follow on applying the Inhomogeneous Transference Prin- 
ciple. Of course, this is subject to being able to reformulate the upper bound problem 
analogues to that of §ll] and verifying the contracting axioms of §[5l The lower bound 
would follow on establishing an analogue of Theorem BL or at least an analogue of Cas- 
sels' Theorem VI in [201 Chapter 5] within the setting of approximating points in by 
(i-dimensional planes. More precisly, concerning the former we seek a lower bound for 
a;d(x, 0) in terms of the uniform homogeneous exponent a;d'(x) for some < d' < n — 1. 
This is an intriguing problem in its own right and we suspect that the following represents 
the precise relationship. 

Conjecture 3 Let yi e R"" and d e {0, . . . ,n - 1} . Then for all 6 G W-"^ 



Note that Conjecture 3 coincides with the left hand side inequality of fl37j) in the extreme 
cases d = and d = n — 1. 

Beyond extremality in R": system of linear forms. The theory of inhomogeneous 
extremality for measures on M*"^" corresponding to a genuine system of linear forms is 
not covered by Theorem [2] or indeed Conjecture 1 above. By genuine we simply mean 
that both m and n are strictly greater than one and so we are outside of the dual and 
simultaneous theories. Naturally it would be highly desirable to establish a general result 
for measures on M"^^"^ analogues to Theorem[2]or simply TheoremO However, such a result 
is currently non-existent even in the homogeneous setting for manifolds and constitutes a 



/i is d- extremal 




1 
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key open problem. Indeed, the homogeneous 'manifold' problem first eluded to in [29l 
§6.2] is formally stated in [23l Question 35]. Part of the issue lies in determining the right 
formulation of non- degeneracy and more generally friendly condition. However, in view of 
Theorem [1] any progress on the homogeneous extremality problem can be transferred over 
to the inhomogeneous setting. 



Beyond extremality: Khintchine-Groshev type results. The inhomogeneous ex- 
tremality results obtained in this paper constitute the first step towards developing a co- 
herent inhomogeneous theory for manifolds in line with the homogeneous theory [U [TJ [16] . 
It would be desirable to adapt the techniques of this paper to obtain the inhomogeneous 
analogues of the convergence Khintchine-Groshev type results. 

Beyond Euclidean spaces : C, Qp and S'-arithmetic. In a nutshell. Theorem [1] enables 
us to transfer homogeneous extremality statements for measures on a Euclidean space to 
inhomogeneous statements. It would be desirable to obtain analogous results within the p- 
adic, complex or more generally the S'-arithmetic setup. To this end, we refer the reader to 
the papers [HI El [22l [26], [2HI [33] and references within for the various homogeneous results. 
The Inhomogeneous Transference Principle (Theorem [5]) is applicable within these non- 
Euclidean settings and provides a natural path for obtaining the desired inhomogeneous 
generalisations. 



Beyond rigid inhomogeneous approximation. Within the context of the Diophan- 
tine approximation problems addressed in this paper - namely that of inhomogeneous 
extremality - the inhomogeneous part is arbitrary but always fixed. However, for vari- 
ous Diophantine approximation problems there are often major advantages in treating the 
inhomogeneous part as a variable. For example, in ([ID we may consider the situation in 
which 6 G M™" is a function of the approximated point X G M™^" under consideration. 
Geometrically, on allowing 6 to depend on X we perturb the underlying approximating 
planes £a,b ^ see ( TTT]) . These 'perturbed planes' now play the role of the approximating 
objects and are not necessarily planes. However, the fact that the approximating objects 
are no longer planes is completely irrelevant when it comes to applying the Inhomogeneous 
Transference Principle (Theorem [5]). In short, as long as the intersection and contracting 
properties are satisfied the Inhomogeneous Transference Principle can be used and the 
nature of the approximating objects is irrelevant. 

To clarify the above discussion, we describe a conjecture that can be treated as an 
inhomogeneous problem in which the inhomogeneous part is a variable. Let ip : N 
be a monotonic function such that ip{r) — as r ^ oo and for x G M consider the solubility 
of the inequality 

Ix" a„_ix""^ H h aix aol < ^(|a|) (93) 
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in integer vectors a = (a„_i, . . . , oq) G Z". Note that when the right hand side of (p3!) is 
small, the above inequality implies that there exists an algebraic integer close to x. The 
following divergence statement is due to Bugeaud [TH] . 

Theorem B Let ip he a monotonic function such that 'Yl^=i diverges. Then, for 

almost all X eM. the inequality I l9^ has infinitely many solutions a G Z". 

Establishing the convergence counterpart to Theorem B represents an open problem anal- 
ogous to a problem of A. Baker [2] settled by Bernik 

Conjecture 4 Let ip he a monotonic function such that converges. Then, 

for almost all x eM. the inequality (\93\\ has at most finitely many solutions a G Z". 

In the special case that '4){q) = with e > 0, the above conjecture can be viewed 

as the algebraic integers analogue of Mahler's problem [31]. In terms of establishing Con- 
jecture 4, our approach is to view it as a problem in inhomogeneous Diophantine approx- 
imation in which the inhomogeneous part 6' G M is a variable. This is simple enough 
to do! With reference to inequality ( l93l) . we let 9 be x". Thus, Conjecture 4 is equiva- 
lent to a 'perturbed' inhomogeneous Diophantine approximation problem restricted to the 
Veronese curve Vn-i in ffi"~^. We claim that the perturbed inhomogeneous problem can 
be treated via the methods introduced in this paper. We intend to return to Conjecture 4 
in a forthcoming paper. 
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